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1. Introduction and preliminaries

The study of selection principles was initiated by Borel [1], Menger [6], Hurewicz [3], Rothberger [9], and
others. The works of Scheepers [10] initiated a systematic investigation on selection principles, which led
to a great deal of research into selection principles and their applications. This theory is now connected
with several fields of mathematics, for example, set theory, function spaces and hyperspaces. One of the
lines of research generated by the selection principles is concerning to selection principles type star. In 1999,
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Kocinac [4] started an important study on star selection principles. Currently, many authors have worked
with these concepts to obtain results in hyperspaces.

We recall that given a topological space X, CL(X) denotes the set of all nonempty closed subsets of X.
The set CL(X) usually receives the name of hyperspace of X. The hyperspace theory started in the early
20th century with the works of D. Pompeiu (1905), F. Hausdorff (1914) and L. Vietoris [11]. Topologies
on CL(X) and on other families of subsets of a topological space X were studied in 1951 by E. Michael
[7]. Moreover, relations between numerous properties of the space X and their hyperspaces have been
studied.

Relationships between selections principles and hyperspaces have been investigated. For example, in [2]
the authors use the notion of m-networks to characterize topological spaces whose hyperspace, endowed with
the upper Fell topology, satisfies the Rothberger property. Later, in [5] Li generalizes this notion by defining
the concept of my-network and he uses this notion to study the Rothberger and Menger properties with
the Vietoris topology. Recently, in [8] Osipov studied selection properties of the bitopological hyperspace
(2X,F*,Z"), where FT is the upper Fell topology and Z™ is the so called Z*-topology.

In this paper, motivated by the work of Li [5], we make a slight modification to the notion of m -network,
as defined by Li, restricting the collection of open subsets on which 7y -networks act. This new notion is a
7y (A)-network (see Definition 2.1). Then:

A) We characterize the Rothberger property in the hyperspace CL(X) and some subspaces of this one,
endowed with the Vietoris topology.

B) We introduce a couple of selection principles, which we have denoted by the symbols Sy, (ITy (A), Iy (A))
and Sy (TTy (A), Iy (A)) (see Definitions 2.7 and 2.10, respectively) to characterize the properties star-
Rothberger and strongly star-Rothberger in CL(X) and in some subspaces of this one, also endowed
with the Vietoris topology.

Characterizations in A) and B) are obtained with the generic results in Theorems 2.5, 2.8 and 2.11.

We close the paper, again following ideas by Li, with a generalization of [5, Theorem 3.6] concerning
cy-covers of a space.

Next, we recall some notations and definitions. All spaces are assumed to be Hausdorff noncompact
and, even, nonparacompact. Throughout this paper, w denotes the first infinite cardinal. Let A and B be
collections of families of subsets of an infinite set X. The symbol S; (A, B) denotes the selection principle:

o For each sequence (4, : n € N) of elements of A, there is a sequence (b, : n € N) such that for each
n €N, b, € A, and (b, : n € N) is an element of B.

This selection principle was defined in 1996 by M. Scheepers [10]. When A and B are both the collection O
of open covers of a space X, then S1(O, Q) defines the classical Rothberger property (see [9]).

For a set A C X and a collection U of subsets of X, the star of A with respect to U is denoted by St(A,U)
and defined as the set |J{U € U : UN A # 0}. We write St(x,U) instead of St({z},U), if A = {z} for some
rzeX.

In [4] Koé¢inac defined the following principles. Both concepts are the star versions of the Rothberger
property. A space X is:

o Star-Rothberger (SR) if for each sequence (U, : n € N) of open covers of X, there is U,, € U, n € N,
such that {St(U,,U,) : n € N} is an open cover of X.

o Strongly star-Rothberger (SSR) if for each sequence (U, : n € N) of open covers of X, there exists a
sequence (z, : n € N) of elements of X such that {St(z,,U,) : n € N} is an open cover of X.
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In the same paper, Koc¢inac [4, Theorem 2.9] showed that if X is a paracompact Hausdorff space, then
the three Rothberger-type properties (SR, SSR and the Rothberger property) are equivalent.

On the other hand, given a space X, the hyperspace CL(X) is considered with the Vietoris topology,
which has as base the family:

{{U1,...,U,) :n €N and Uy,...,U, are open subsets of X},

where (U, ...,U,) denotes the following subset of CL(X):

{AGCL(X):AQUUi,AﬂUi#@foreachie{l,...,n}}.

i=1

Recall that another hyperspaces of a space X are K(X) and F(X) which denote the family of all nonempty
compact subsets and all nonempty finite subsets of X, respectively. By CS(X) we denote the family of all
convergent sequences of X. For these hyperspaces, in this paper we will consider only the Vietoris topology,
although in the literature there are another topologies that can be defined on these hyperspaces.

2. Rothberger and Rothberger-type star selection principles
For a subset U C X and a family U of subsets of X, we write:

Uc = X\U;
U = {U°:Ueul.

Recall, too, that if A is a set, [A]<“ denotes the set of all finite subsets of A.
Following the notation of [5], ¢ denote the family:

¢={(V1,...,V,): V4,...,V, are open subsets of X, n € N}.

In [5], Li defined the concept of 7y -networks in a space X as follows:
A family ( is called a 7y -network of X if for each open subset U of X, with U # X, there exist (V1,...,V,) €
¢ and a finite set F with FNV; # 0 (1 <4 < n) such that (;_, V;* C U and FNU = ). The collection of
my-networks of a space X is denoted by Il .

Note that in the previous definition, my-networks of X act on all open subsets of the space. In this paper,
instead of all open subsets of X, we will only consider the elements in A°, where A C CL(X) satisfies:

(a) If A€ A, then {z} € A, for each x € A;
(b) A is closed under finite unions.

We refer to these types of networks as 7y (A)-network of X. Namely:

Definition 2.1. A family ¢ is called a 7y (A)-network of X, if for each U € A°, there exist a (V1,...,V,) €(¢
and F € [X]<% with FNV; #0 (1 <i<n)such that "]_, VS CU and FNU = .

We write IIy (A) to denote the collection of 7y (A)-networks of X. Note that if A = CL(X), we have
that IIy (A) is IIy as defined by Li. In the following example, we present a family A which induces a
my (A)-network such that is not a my-network.
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Example 2.2. Let X = (0,1) U (3,00) be a space with the relative topology of R and put @ = Q N (3,00).
Let A be the collection of all A C X such that A is compact in X and A C (0,1) U Q. For each z € X, we
denote V, = {(z— 2,2+ 1)NX :ne N} and V =J{V, : € X}. Define ¢ = {(Vi,..., Vi) : V1,...,Vin €
V and m € N}. Then, we have the following results.

Fact 1. ¢ is a my (A)-network of X. Indeed, take any U € A°. There exist A C (0,1) and Q' € [Q]<* such
that A is a compact subset of X and U¢ = AU{z : z € Q’}. Since A is compact, there exist V1,...,V, €V
such that A C {J;_, Vi and for each i € {1,...,n}, ANV; # 0. Moreover, since Q' is a finite subset, we can
renumber Q" as Q" = {@p41,...,2m}. Foreach z; € Q, j € {n+1,...,m}, we fix V; € V such that z; € V;
and ANV; = 0. It is not difficult to prove that U¢ € (Vi,..., V). Observe that (Vi,...,V,,) € ¢. On the
other hand, for each i € {1,...,n}, we take z; € ANV, and we put F = {z;: i € {1,...,n}} UQ’. Clearly
Fe[X]<¥, FNU =0 and for each i € {1,...,m}, FNV; # 0. Moreover, since U¢ C |/, Vi, we have that
Ni~, V¢ C U. Therefore, ¢ is a my (A)-network of X.

Fact 2. ¢ is not a my-network of X. To see it, let U = (0,1). It is clear that U® ¢ A. Suppose that
Niv, Vi€ C U, for some (V4,...,V,,) € ¢. Hence, (3,00) C |J;~, Vi, which is not possible.

Lemma 2.3. If ( = {(V4,...,Vin) : V4,..., Vi, are open subsets of X, m € N} is a wy(A)-network of X,
then the family:

U = {<V1,,Vm> : (Vl,...7Vm) S C}
is an open cover of A.

Proof. Let A € A. We have A¢ € A°. Given that ¢ is a my (A)-network, there exist (Vi,...,Vy,) € ¢ and
F e [X]<¥ with FNV; #0 (1 <i < m) such that (|-, V¢ C A° and F N A° = (). Note that A C |J*, V.
Moreover, since FF C A and FNV; # 0 (1 <i < m), then for each i € {1,...,m}, ANV; # 0. So, we obtain
that A € (Vq,..., V). Hence, A € | JU. Therefore, the collection U is an open cover of A. O

Lemma 2.4. If U = {(V1,..., V) : Vi,..., Vy, are open subsets of X, m € N} is an open cover of A, then
the family:

C={(V1,..., Vi) - (Vi,... . Vin) €U}
is a my (A)-network of X .

Proof. Pick any U € A°. Since U¢ € A and U covers A, there are open subsets Vi,...,V,, of X such that
Uc e (V,...,Vy). Note that (V1,...,V,,) € ¢. Since for each 7 € {1,...,m}, U NV, # 0, we can take
z; € UNV,. Put F = {=z; : 7 € {1,...,m}}. We have that F' € [X]<% and for each i € {1,...,m},
FNV; # 0. Moreover, given that U¢ C |JI, V;, then /-, V;* C U. Finally, since z; € U¢, then FNU = 0.
Therefore, ¢ is a my (A)-network of X. O

In the next theorem, we apply the previous lemmas to obtain a generic characterization of the Rothberger
property in hyperspaces.

Theorem 2.5. Given a topological space X, the following conditions are equivalent:

(1) A has the Rothberger property;
(2) X satisfies S1(ITy (A), Ty (A)).
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Proof. (1) = (2). Let (J,, : n € N) be a sequence in IIy (A). We put, for each n € N, U,, = {{(V1,..., Vi) :
(Vi,...,Vin) € Ju}. From Lemma 2.3, we have that for each n € N, U, is an open cover of A.

Then, applying (1) to the sequence (U, : n € N), we can choose, for each n € N, (V/",..., V[ ) € U,
such that the collection {(V*,...,V;? ) :n € N} is an open cover of A.

Now, we prove that the collection J = {(V{*,...,V,» ) : n € N} is a 7y (A)-network of X. Indeed, let
U € A°. So, U° € A. Since the collection {(V/*,...,Vj» ) : n € N} is an open cover of A, there exists
k € N such that U¢ € (VF,..., V% ). Note that (V{*,..., VX ) € 7. On the other hand, since for each
i€ {l,...,mg}, USNVF # 0, we can take x; € U° N V¥, Define F = {x; : i € {1,...,my}}. We have
that F' € [X]<“ and, for each i € {1,...,my}, F NV} # (. Moreover, given that U¢ C [J;*% V¥, then
Nk (V)¢ C U. Finally, since F C U¢, FNU = (. Therefore, J is a 7y (A)-network of X.

(2) = (1). Let (Uy, : n € N) be a sequence of open covers of A. Without loss of generality, we can suppose
that, for each n € N, the open cover U,, consists of basic open sets in CL(X), that is, Uy, = {(V/";,..., Vi )

y» Vimg,s
s € Sy}, where V" is an open subset of X, for every i € {1,...,ms}.
For each n € N, let .J,, = {(V{,...,Vin_ o) : s € Sp}. From Lemma 2.4, we have that for each n € N, J,

is a my (A)-network of X.

If we apply (2) to the sequence (J, :n € N), it is possible to choose, for each n € N, an element
(Vi,sps+ > Vs, ,sn) € Jn such that the collection {(Vis,,..., Vi, s,) : n € N} is a 7y (A)-network of
X. Next, we prove that the family {(Vi,,...,Vin,, s.) : 7 € N} is an open cover of A. For that, take
any A € A. So A° € A°. Given that {(Vis,,...,Vin,, ,s.) 1 n € N} is a my (A)-network of X, there exists
F e [X]<¥ with FN Vi, # 0 (1 <i<my,) such that =7 (Vis, )¢ € A° and F N A¢ = (). Note that
A C UMy Vi, . Moreover, since F C A and FNVi,, # 0 (1 < i < ms,), we obtain that for each
ic{l,...,ms }, ANVi,, #0. Hence, Ac (Vis,,....Vin, s.). Thus {(Vis, ,...,Vin, s,) :n € N}isan
open cover for A. Therefore, A has the Rothberger property. O

Corollary 2.6. Let X be a topological space and let A be one of the following hyperspaces: CL(X), K(X),
F(X) or CS(X). Then A has the Rothberger property if and only if X satisfies S1(Ily (A), Iy (A)).

Note that if A = CL(X) in Corollary 2.6, we obtain [5, Theorem 3.12].

Below, we characterize SSR property for some hyperspaces of CL(X) such as K(X), F(X) and CS(X).
With this aim, we introduce the following selection principle related with 7y (A)-networks of X.

From now on, if J,, is an element in IIy (A), we put:

Ju= AVl V) s € Su}.

’» Y'mg,s

Definition 2.7. Let X be a topological space. We define:
S, (ITy (A), Iy (A)): For each sequence (J, : n € N) C I (A), there exists a sequence (U, : n € N) in A°
such that

J=J {<V1737---,v,zs,s>eJn:ﬂ(Wg)CgUm " g U, (193%)}
=1

neN

is an element of ITy (A).

Theorem 2.8. Given a topological space X, the following conditions are equivalent:

(1) A is SSR;
(2) X satisfies St (ITy (A), Iy (A)).
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Proof. (1) = (2): Let (J,, : n € N) be a sequence of 7y (A)-networks of X. We put, for each n € N, J,, =
{7, Vi ) 5 € Sp}. It follows from Lemma 2.3 that the collection U,, = {(V], ...,V ) :s€ Sy}
is an open cover of A, for each n € N.

Now, applying (1) to the sequence (U, : n € N), we can choose A,, € A, for each n € N, such that the
collection {St({A,},U,) : n € N} is an open cover of A. We put, for each n € N, U,, = A%. Hence, the
sequence (U, : n € N) is in A°.

Let us show that the collection:

‘-7 = U {(‘/irjsv c 'aV'rTriS,s) € JTL : ﬂ(‘/ztls)c g Un7 i?s 7¢— Un (1 S i S ms)}
neN i=1

is a my (A)-network of X. For this end, let U € A°. Then U¢ € A and therefore, there exists ng € N such that
U® € St({An,},Un,)- Then, there exists (V"2 ,..., V2o ) € Uy, so that {U® A, } C(V" ..., V3o .

1,507 50,50 1,507 ? Mgy ,S0
It follows that (- (V"9 )¢ C Up, and for each i € {1,...,mg,}, V;"o & Uy, Thus, (V"3 ..., ango,So) eJ.
Further, for each i € {1,...,ms,}, we take x; € U N V). We put F' = {z; : i € {1,...,ms,}}. Hence,
F € [X]<¥ with F NV # (. Moreover, since U C Uiy V", then we obtain that ﬂ;isf(VZ"éo)c cUu.

Finally, F N U = (). We conclude that J € ITy (A).

(2) = (1): Let (U, :n € N) be a sequence of open covers of A. Without loss of generality, we can
suppose that, for each n € N, the open cover U,, consists of basic open subsets in CL(X), that is U,, =
Vs, Vi ) + s € Sp}, where V[ is an open subset of X, for every i € {1,...,m}. For each n € N,

7 Mg,

let J,, = {(V{%,...,Vin.s): s € Sp}. From Lemma 2.4, we obtain that each .J, is a 7y (A)-network of X.

We apply the condition (2) to the sequence (J,, : n € N) in IIy (A) to obtain a sequence (U, : n € N) in
A¢ such that the collection:

J = U {(V{)‘S,...,Vn’}bsys) € Jn: ﬂ(WL)C CUp, Vs €U, (1 <i<ms)}
i=1

neN

is a my (A)-network of X. For each n € N, put A,, = US. Thus, the sequence (4, :n € N) is in A.
Let us show that the collection {St({A,},U,) : n € N} is an open cover of A. Take any A € A.
Since J is a my(A)-network of X and A¢ € A, there exist (Vy'g ,...,V;p° ) € J (for some ng € N,

50150

50 € Sp,) and a finite set ' C X such that for every i € {1,...,my}, F NV # 0, N0 (V" )e C A°

i780 i,SO

and F N A° = (). Observe that, (), (V"2 )¢ C U, and for each i € {1,...,ms}, V;"° & U,,. It means

4,80 4,80

that A,, C ;=2 Vi and, for each i € {1,...,mg}, An, NV # 0. Hence, A,, € (V'O ..., Vo .

4,80 4,80 1,507 » Ymsg,S0
m

On the other hand, since A C |J,_7 V"> and F'N A° = (), it follows that ANV £ (@, for each i €

4,80 1,80

{1,...,ms,}. Thus, A € (V" ...,V ) We conclude that A € St({A,},Un,). This shows that the

»507 ’ m50750>

collection {St({A,},Uy) : n € N} is an open cover of A. O
We obtain the following particular cases by taking different choices of our family A.

Corollary 2.9. Let X be a topological space and let A be one of the following hyperspaces: CL(X), K(X),
F(X) or CS(X). Then A is SRR if and only if X satisfies S, (Ily (A), Iy (A)).

Now, we give a characterization of the star-Rothberger property. Before of that, we introduce another
useful principle related with 7y (A)-networks of X.

Definition 2.10. Let X be a topological space. We define
Str, (ITy (A), Iy (A)): For each sequence (J,, : n € N) in Il (A), there exists s(n) € Sy, n € N, such that
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J= U {(fos, V) € J, s there exists U € A° such that {ﬁ(vl”s)c} U

neN B i=1
Ms(n)
=1

is an element of ITy (A).

Theorem 2.11. Given a topological space X, the following conditions are equivalent:

(1) A is SR;
(2) X satisfies Syy, (IIy (A), ITy (A)).

Proof. (1) = (2): Let (J,:n € N) be a sequence of my(A)-networks of X. We put, for each n € N,
Jn ={(V, ..., V. )+ s € Sp}. From Lemma 2.3, for each n € N, the collection U, = {(V",,..., Vi () :

s Ymyg,s s Ymyg,s

s € S,} is an open cover of A.
Now, applying (1) to the sequence (U, : n € N), we can choose for each n € N, (V"

1,s(n)> """ ans<n),s(n)> €
U, such that the collection:

{7

s(n)ree Vﬂ25<n>,3(n)>’

U,):neN}

is an open cover of A.
We prove that the collection J = [J,en{(V/ - Vi, s) € Jn @ there exists U € A€ such that

) Mg, &

[N (V)] U N (Vi) S U Vi ¢ U (1< i <mg)and Vi, € U (1< < myp} is a

i=1 i,s(n
7y (A)-network of X.
For this end, let W € A°. Then W¢ &€ A and therefore, there exists ng € N such that W¢ €
StV R A )>sUn, ). Thus, there exists (V|"y,..., V0 ) € Uy, such that:

1,s(no)’ > T Mg (ng)»s(n0) Ls>

(i) Wee (V... Vo ) € Uny;

s Y'mg,s

(i) (V8 Ve DOy Vil ) 7 0

By (ii), we can consider E € (V{'},..., V3o o) N (V] 0),...,V”“( s o) Put U = E° So U € A“
s sy ,s(n M (ng),S(N
Moreover, [ (V") U [Ny (VJ"SO(nO))C] CU VR LUQ<i<mg)and V', s UL < j < my,))-
Hence, we obtain that (V)"¢,..., Vo )€ J.

On the other hand, by (i), for each i € {1,...,m}, there exists z; € WeN V. Let F' = {z; : i €
{1,...,ms}}. Since F C W€, we have that F N W = (. Observe that, since for each ¢ € {1,...,ms},
F C V2, then FNV]"? # 0. Again, by (i), we obtain that ;2 (V;'?)¢ € W. Therefore, J € IIy (A).

(2) = (1): Let (U, :n € N) be a sequence of open covers of A. Without loss of generality, we can
suppose that, for each n € N, the open cover U, consists of basic open subsets in CL(X), that is to
say, Un = {(V%,..., Vi )+ s € Sp}. From Lemma 2.4, it follows that each J, = {(V{’,..., V5 () :

) ms,S ’ ms,S

(V.. Vi s) €Uy} is a my (A)-network of X.

We apply the condition (2) to the sequence (J,, : n € N) in Iy (A) to obtain s(n) € S, n € N, such that:
T = Unen{(V - Vi ) € Ji : there exists U € A® such that [;2 VS| U [Z1” Vi, ] €U, Vi €

U(l<i<mg)and V) U (1 <j<mym))}€llv(A).
We assert that:

{St((W( Ve s(n))Un) 2 € N}

77,)7'"’

is an open cover of A.
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Indeed, let A € A. Since J is a my(A)-network of X and A® € A®, there exist (V{'y ..., Vo ) €
J (for some ng € N, so € Sp,) and F' € [X] such that for each i € {1,...,ms}, F NV # 0,
Nizy (Vi7s,)° € A¢ and FN A = 0. Hence, A C 2 V', and, for each i € {1,...,mys}, ANV/G # 0, that
18, A c <V1’§(]7 sy V7Z20780>'

Now, since (V/"¢ .. »7an207$0) € J, there exists U € A° that satisfies [ VZCS} U [ﬂ?;fﬂ) Vics(”))] &
U, Ve ¢ U (1< i < myg)and VL & U (1< j < my) Then US € (V/'9,..., V0 )N
<V1"§(n0), A V£O< ) S(n0)>. Thus, this intersection is non empty and we get that:

) s(no)>

Ac St(<vl7?g(no)’ cee, VTZS(,,LO)#("O))’Z/{”O)'

Hence, {St({(V)";(,),---,V, U,) : n € N} is an open cover of A. O

n
’ ms(n)vs(n)>’

As an immediate consequence of Theorem 2.11, we obtain the following result.

Corollary 2.12. Let X be a topological space and let A be one of the following hyperspaces: CL(X), K(X),
F(X) or CS(X). Then A is SR if and only if X satisfies Sy, (Ily(A), Iy (A)).

The last theorem of this paper concerns to cy-covers of X, a notion due to Li (see [5]). First of all,
we make a modification to this concept and prove two results related with cy-covers. For Vi, ..., V,, open
subsets of X, we put

Voo s Vida = Vi, oo, Vi) NA
to denote relative open subsets of the subspace A C CL(X).

Definition 2.13. A family & C A° is called a cy (A)-cover of X if for any open subsets Vi,...,V,, of X
with (V1,...,Viu)a # 0, there exist U € U and F € [X]<% such that for each i € {1,...,m}, FNV; #0,
A", Ve CU and FOU = 0.

We denote by Cy (A) the family of ¢y (A)-covers of X and by D the family of dense subsets of a space.
Lemma 2.14. A family U C A° is a cy (A)-cover of X if and only if the family U is a dense subset of A.

Proof. Suppose that U is a cy(A)-cover of X. Let (Vi,...,V;,)a be a nonempty open subset of A. By
hypothesis, there exist U € Y and F € [X]<“ such that, for each i € {1,....m}, FNV; #0, N,V C U
and FNU = 0. Let A = U°. We have that A C (", V; and for every i € {1,...,m}, ANV, # 0. So,
Ae (Vi,...,Vi)a NUC. Therefore, U° is dense in A.

On the other hand, suppose that U is a dense subset of A. Let Vi,...,V,, be open subsets of X with
(Vi,...,Vin)a # 0. By hypothesis, we obtain that (Vq,..., Vi, a NUS # Q. Fix D € (Vy,...,Vp)a NUS. Tt
is clear that D¢ € U. Moreover, since for each i € {1,...,m}, D NV; # 0, then we can consider, for each
ie{l,...om} z; € DNV;. Let F ={x; :i € {i,...,m}}. Clearly, F' € [X]<% and for each i € {1,...,m},
FNV;#0. Observe that (-, V;* C D¢ and F N D® = 0. So, U is a cy(A)-cover of X. O

Theorem 2.15. For a space X the following conditions are equivalent:

(1) A satisfies S1(D, D);
(2) X satisfies S1(Cy (A), Cy(A)).
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Proof. (1) = (2) Let (U, : n € N) a sequence of ¢y (A)-covers of X. We put, for each n € N, A, = UE.
From Lemma 2.14, we obtain that, for each n € N, A,, is a dense subset of A.

Then, applying (1) to the sequence (A, :n € N), we obtain, for each n € N, A, € A, such that
{A,, : n € N} is a dense subset of A. Put, for each n € N, U,, = AS. We have that {U,, : n € N} € Cy (7).
Indeed, let V,...,V,, be open subsets of X such that (V1,...,Vp)a # 0. Since {4, : n € N} is a dense
subset of A, it follows that (Vi,...,Vy)a N{A, :n € N} # 0. Fix A, € (Vi,..., Vi )a N{A, : n € N},
for some p € N. Clearly, A7 € {U, : n € N}. Moreover, since A, € (Vi,...,V;u)a, We can consider for
each i € {1,...,m}, z; € A,NV;. Let F = {x; : ¢ € {1,...,m}}. Observe that F' € [X]|<“ and for
cach i € {1,...,m}, FNV; # 0. On the other hand, since A, C |J;~; V;, then 2, V¢ C AS. Finally,
since F' C Ap, we have that F'N A5 = (). So, {A, : n € N} is cy(A)-cover of X. Therefore, X satisfies
S1(Cy(A), Cy (7).

(2) = (1) Let (D, : n € N) be a sequence of dense subsets of A. For each n € N, we put U,, = DE. It
follows from Lemma 2.14 that, for each n € N, U, is a ¢y (A)-cover of X.

Thus, applying (2) to the sequence (U, : n € N), there exists a sequence (U,, : n € N) such that for each
neN, U, €U, and {U, : n € N} is a ¢y (A)-cover of X. Put, for each n € N, D,, = US. Then, for each
n € N, D,, € D,,. We claim that {D,, : n € N} is a dense subset of A. Let (V1,...,V,,)a be a nonempty
open subset of A. Given that {U, : n € N} is a ¢y (A)-cover of X, there exists Uy, € {U, : n € N}, for
some k € N, and there exists F' € [X]<“ such that for each i € {1,...,m}, FNV; # 0, -, V* C Uy, and
FNUg=0.Let D=Uf. Clearly, D € {D,, : n € N} and D € (V4,...,Vp)a. So, {D,, : n € N} is a dense
subset of A. Therefore, A satisfies S1(D, D). O

As an immediate consequence of Theorem 2.15, we have the following result.

Corollary 2.16. Let X be a topological space and let A be one of the following hyperspaces: CL(X), K(X),
F(X) or CS(X). Then A has the S1(D, D) if and only if X satisfies S1(Cy (A),Cy (A)).

Observe that when A = CL(X) in Corollary 2.16, we obtain [5, Theorem 3.6].
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